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Introduction:
It has long been understood that there is an intimate connection between the additively separable functions of economics and trivial 3-webs on the plane, Debreu (1959) , (1960) . Recalling that on the plane a 3-web is given by three foliations of smooth curves in general position, two such webs are said to be locally equivalent at a point p if there exists a local diffeomorphism on a neighborhood of p which exchanges them. This fact forms the heart of Debreu's use of the Blaschke-Bol-Thomsen "hexagon closing" condition for triviality to characterize additively separable preferences, see the more extensive treatments in Wakker (1989) and Vind (2002) .
In this paper we show that web triviality also provides an answer to a prior and deeper "integrabilty" question in economics, the question of whether or not an observed family of price reaction functions is generated by a maximization process, Samuelson (1972) . The paper draws on a theorem of Tabachnikov (1993) which characterizes local triviality equivalence for both 3-webs and 4-webs and which is remarkable (at least to economists) in that it provides in one theorem a geometric condition for both additive separability and integrability. For the latter problem we observe that a 3-web on the plane, given by the verticals, the horizontals, and the
Akivis et al (2005) .
In the case of decision making under uncertainty, it has already been noted, Russell (2003) , that Chern curvature measures the extent to which individuals fail to satisfy the axioms of expected utility maximization. In particular, when K=0, i.e. the web is trivial, the right hand side of (2) set equal to zero gives the de Saint Robert equation Samuelson (1972) does not use the language of web geometry. Indeed his discussion predates the use of differential geometry to describe the equilibrium thermodynamics to which this diagram is mathematically equivalent 1 . Therefore before discussing Tabachnikov's theorem, it may be useful to reframe the economic problem in the modern language of contact and symplectic geometry. d qdp q dp Π = − − That is to say, if we introduce the form 1 1 2 2 d qdp q dp
the set of q,p combinations consistent with a profit function are the zeros of ω . 
dq dp dq dp d d dC dq dp dq dp Identifying Lagrangian Sub-manifolds.
As Samuelson noted, if we consider general "quadrilaterals" cut off by the "threads" of the two foliations, for example in Fig. 1 dq dp dq dp ∧ = − ∧ , implies 0 dω = ). In terms of web geometry, then, the question is whether or not the 2-web in Fig 1 is equivalent to the trivial 2-web q 2 =constant p 2 =constant under an area preserving map. Orientation reversal is guaranteed by the fact that the leaves of the q 2 foliation are already inverse ordered.
But it is known that
Result (Tabachnikov) When the S condition is satisfied, input demand functions are locally equivalent to the trivial web q 2 =constant p 2 =constant under an area preserving (and in this case) orientation reversing map.
It follows immediately that
Corollary: The surface generated in (R 4 dω ) by the graph over the p 1, q 1 -plane associated with the restricted input demand functions is a Lagrangian sub-manifold.
Profit Maximization and the Hess Connection:
As we noted earlier, we can associate with a 3-web a canonical connection (the Chern connection) whose flatness guarantees additive separability. In this case also we can attach to the 2-web of input demand functions a canonical connection whose flatness is a necessary condition for profit maximization. Finally we introduce the Hess connection ∇ on this manifold Definition: The Hess connection of a bi-Lagrangian manifold is the unique symplectic connection ∇ which parallelizes the two foliations F1 and
F2.
We have the following theorem Theorem (Hess) If the curvature of ∇ vanishes identically on an n-dimensional manifold, , then the bi_Lagrangian manifold is locally isomorphic to R n with the standard symplectic structure.
As Tabachnikov notes, the satisfaction of Samuelson area condition removes the obstruction to the vanishing of the Hess connection on the plane. That is, when the Samuelson area ratio condition is satisfied, the curvature of the Hess connection vanishes and there is an area preserving local diffeomorphism which takes the 2-web generated by the two input demand foliations into the trivial 2-web. We have Result: The vanishing of the Hess connection is a necessary condition for profit maximization.
Trivial Webs and a Jacobian Condition. The presence of trivial webs in both the problem of additive separability and in the problem of integrability raises the question of the mathematical basis for this common structure.
The answer to this question was already provided by Samuelson (1983) . As he notes, when the S area condition is satisfied, the he Jacobian determinant function 2 2 2 2 1 1 1 1
splits multiplicatively as a function of q 1 and p 1.
Thus the 3-web, q 1 = const,
J=const already has zero curvature.
This splitting of the Jacobian function allows for the separate recalibration of the two input demand level curves in such a way that we can guarantee that the Jacobian function has a constant value J=1. The presence of the Lagrangian submanifold is then guaranteed.
In the case of thermodynamics, the ability to recalibrate the level curves is fundamental. The data of thermodynamics is a pair of orderings , Lieb and Yngvason (2000) . Under the conditions of Debreu (1954) , these orderings can be represented by real functions up to monotonic transformations. In classical thermodynamics, these data are the so-called empirical temperature and empirical entropy. The samuelson area ratio condition guarantees that the functions representing the orders can be renumbered so that the J=1.
In the case of production economics, however, it is far from clear that the level curves can be recalibrated. The demand functions are indexed by a fixed quantity of input 2 and a fixed quantity of the second input's price. The existence of a Lagrangian sub-manifold, still requires that the area ratio condition hold, but profit maximization (unlike energy minimization in thermodynamics) requires a further condition, not just that the Jacobian splits, but that it already satisfy J=1 everywhere.
That is
Result: In Figure 1 , a necessary condition for profit maximization is that the area between the level curves q 2 =r, q 2 =s and p 2 =t, p 2 =u =(r-s)(t-u).
Conclusion: In this paper we have shown that the geometry of flat connections on trivial webs underlies not just additive separability, but also the fundamental problem of integrability. From the viewpoint of Hamiltonian (maximizing) systems this is not completely surprising. When the 2-web of economic data is equivalent to a trivial 2-web by an area preserving transformation, the 2-web can be calibrated so that it is a projection of a 2-dimensional Lagrangian sub-manifold of 4 space. As noted by Weinstein (1977) , Lagrangian manifolds are at the heart of maximizing systems, the so-called Lagrangian creed.
Of course all this assumes that the data of economics are presented as a differentiable or at least continuous web. If the data is discrete, there arises the interesting question of characterizing when discrete data lie on a Lagrangian submanifold. It will be of some interest to examine this problem from the point of view of the theory of revealed preference.
